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INTRODUCTION 
Let KG be the group algebra of a finite group G with coefficients in a 
field K. For a finitely generated KG-module M, let 
. ..-P.~Po~M-O 
be a minimal projective resolution. M is called bounded if the lengths of the 
kernels Ker di have a common upper bound, and M is called periodic if 
some Ker di is isomorphic to M. In [ 1, p. 7761, Alperin posed the following 
question: Is every bounded KG-module periodic? Alperin answered this 
question in the affirmative in case K is algebraic over its prime field [l, 
Theorem 11. Without any restriction on K, Eisenbud settled Alperin’s 
question in [6, Theorem 9.21. In Section 1 of the present paper, we look at 
an arbitrary QF ring R instead of a group algebra, and we give a condition 
which forces a bounded R-module M to be periodic. Before we will for- 
mulate our result, we make some preliminary remarks. 
Let M and X be modules over a ring R. With the Yoneda product for 
multiplication, the abelian group ExtX(M, M) = Oi,,, Extk(M, M) 
becomes a graded ring which we call the extension ring of M, and the 
abelian group Ext,*(M, X) becomes a graded right ExtR(M, M)-module. 
We recall some classical examples of extension rings. Let G be a finite 
group, and let K be a field on which G acts trivially. Then the cohomology 
ring H*(G, K) is the extension ring Ext,*(K, K). More generally, let M be a 
finitely generated KG-module. Then the ring Hom,(M, M) is a G-ring, and 
the cohomology ring H*(G, Hom,(M, M)) (with cup product) is 
canonically isomorphic to the extension ring ExtX(M, M) (with Yoneda 
product). These rings have been intensively studied; see Carlson [3] for 
details and for further references. Other well-known exampes of extension 
rings arise in the homological algebra of local rings, namely the extension 
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rings Exti(K, K), where K is the residue class field of a local commutative 
ring R. See Roos’ article [16] about this object. 
Throughout our paper, we are mainly interested in the case M being a 
finitely genefated module over a QF ring R. The main result of Section 1 
reads as follows. 
THEOREM 1.1. Let M, be a bounded module over a QF ring R. Let the 
ring ExtX(M, M) be right noetherian, and let the right Ext,*(M, M)-module 
Extz(M, N) be noetherian for every simple module N,. Then M is periodic. 
In Remark 1.2, we recall that the assumptions of Theorem 1.1 are 
fulfilled if R is a group algebra. This is an immediate consequence of Evens’ 
theorem on the finiteness of the cohomology ring [7, Theorem 6.11. Later, 
we shall give more classes of rings R such that every finitely generated R- 
module M satisfies these assumptions. Our proof of Theorem 1.1 is different 
from Eisenbud’s proof of [6, Theorem 9.21, because we do not have the 
cohomology ring H*(G, K) at our disposal. Moreover, we cannot use 
primary decomposition, as the ring Extz(M, M) is in general not com- 
mutative in the graded sense. . 
In Section 2, we show that for a QF algebra R the assumptions on M in 
Theorem 1.1 are not only sufficient, but also necessary. In particular, we 
obtain 
THEOREM 2.5. For a bounded module M, over a QF algebra R, the 
following conditions are equivalent: 
(i) M is periodic. 
(ii) The ring Extll;(M, M) is right noetherian, and the right 
Extz(M, M)-module Extg(M, N) is noetherian for every simple module N,. 
(iii) For every finitely generated module XR, the right Ext,*(M, M)- 
module Extz(M, X) is noetherian. 
In Proposition 4.1, we will give examples of bounded modules which are 
not periodic. These examples will also show that it is not sufficient to 
assume the ring Extl?;(M, M) to be noetherian in order to obtain 
periodicity of M. 
In Section 3, we apply the concept of extension ring to a conjecture of 
Tachikawa concerning modules without self-extensions and to the classical 
Nakayama conjecture concerning algebras of infinite dominant dimension. 
Tachikawa’s conjecture [ 18, p. 1161 states that if R is a QF algebra and 
M, is a finitely generated module without self-extensions (that means 
Extk(M, M) = 0 for all ia I), then MR is projective. Nakayama’s conjec- 
ture [ 14, p. 3001 arose from the study of algebras which have complete 
resolutions. According to results of Miiller [ 121, it can be stated as follows: 
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Let A be an algebra with infinite dominant dimension (that means the right 
module A, has a minimal injective resolution 
O+A, +I, +z2+ “. 
such that I,, Z,,... are projective right A-modules), then A is necessarily QF. 
It is well known that an algebra which is embeddable in an injective projec- 
tive module possesses a minimal faithful module AU (see [ 171). Let R be 
the endomorphism ring of AU. Tachikawa showed that the both conjec- 
tures as just cited hold in case R is the group algebra of a finite p-group, or 
in case R is a QF algebra of finite representation type (see [ 18, Sect. 81). 
Consider now the following condition on a ring R: 
Condition (*). For all finitely generated modules M, and X,, the right 
Ext;(M, M)-module Ext I?;(M, X) is noetherian. 
We show in Propositions 3.2 and 3.4: If R is a QF algebra satisfying (*), 
then Tachikawa’s conjecture and Nakayama’s conjecture hold. These 
results cover the results of Tachikawa as stated above, because we have 
remarked in 1.2 and 3.1(3) that any group algebra and any representation 
finite QF algebra satisfy (*). 
In Section 4, we consider the algebra R = Kl @ Kx@ KY@ Kxy (K any 
field) with multiplication x2 = y2 = 0, yx = pxy (where 0 # p E K fixed). We 
show that the Frobenius algebra R satisfies (*) if and only if p is a root of 
unity. In case p is not, we give examples of bounded modules which are not 
periodic, and we give a nonprojective module M with the property 
Ext’,(M, M) = 0 for all i 3 2. Furthermore, we calculate some extension 
rings in order to illustrate the role of p. 
1. BOUNDED MODULES ARE PERIODIC 
Let MR be a finitely generated module over an artinian ring R, and let 
. ..-P.~Po~M-O 
be a minimal projective resolution of M. In case R is a finite-dimensional 
algebra over a field K, Alperin called the module M bounded if for every 
finitely generated R-module V the numbers dim,Ext’,(M, V) (i 2 0) have a 
common upper bound in N. This definition can easily be shown to be 
equivalent to the following one which does not make use of a ground field: 
M is bounded iff the lengths of the R-modules K, = Ker di (i > 0) have a 
common upper bound in N. The module A4 is called periodic if some Ki is 
R-isomorphic to M. If i is minimal with this property, the number i + 1 is 
called the period of M. A projective module is said to be periodic with 
period 0. 
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In the following, we identify an element fe Ext’,(M, M) with its 
representative which is a homomorphism from Pi to M killed by dj+ , . In 
addition, we identify this homomorphism with the induced map from Ki- 1 
to M. Let elements g E Extj,(M, M) and fe Ext;(M, M) be given and con- 
sider the commutative diagram 
. . - 
'j ,,dj L 'j-1 
J-1 
1 1 
pO 
do -M-O 
where the liftings of g along the given projective resolutions are all denoted 
by g. Recall that the map fg is the Yoneda product off and g. Hence, the 
Yoneda product of a family of homogeneous elements of Extff(M,)M) gives 
rise to a chain of mappings between the modules M, K,,, K1 ,.... This fact 
will be essential in the proof of Theorem 1.1. 
Recall that for a short exact sequence 
of modules over a QF ring, the following conditions are equivalent (lemma 
of Dickson): 
(i) M is indecomposable, and /3 is a projective cover, 
(ii) K is indecomposable, and CI is an injective cover. 
THEOREM 1.1. Let MR be a bounded module over a QF ring R. Let the 
ring Ext;t;(M, M) be right noetherian, and let the right Exti(M, M)-module 
Ext,*(M, N) be noetherian for every simple module NR. Then M is periodic. 
ProoJ: At first, we reduce to the case M indecomposable. Let 
M = @ Mi be an indecomposable decomposition, and let e be the projec- 
tion of M to Mj. A minimal projective resolution of M can be written as 
the direct sum of minimal projective resolutions of the Mi. As ExtX(M, M) 
is right noetherian, so is e Extz(M, M)eE Ext,*(Mj, Mj), and as the 
right Extz(M, M)-module Ext,*(M, N) is noetherian, so is the right 
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e Extz(M, M)e-module Exti(M, N)eg Extg(M,, N). Hence, we may 
assume A4 to be indecomposable. 
Suppose now M is not periodic. Let 
. ..-P.AP,AM-0 
be a minimal projective resolution with kernels K,, K,,.... Then M is not 
isomorphic to any of the K,. Moreover, by the lemma of Dickson, the Kts 
are pairwise nonisomorphic. By assumption, there is an upper bound b for 
the lengths of the modules K, (i30). We claim that the ring Extz(M, M) is 
right artinian. To prove this, choose homogeneous elements fi ,..., fs which 
generate Oi, I Exta(M, M) as a right ideal. Let n be an upper bound for 
the numbers deg fi ,..., deg fs. Note that every element of Extg(M, M) can 
be written as a sum of elements of the form fi, ... fikfo (k 2 0), where 
fi, E { fi ,..., fs} (1 < j < k) and f. E ExtO,(M, M); this can easily be shown by 
induction over the degree of the lement given. In order to produce elements 
of degree >r~2~, one has to form products fi,. . . f,, f. with k 3 2’. But any 
product A., ..‘frlh IS a chain of nonsimorphisms between indecomposable 
modules with lengths 6 b, hence it is zero by the lemma of Harada and Sai. 
Thus we have shown Extz(M, M) = @$, Ext,(M, M). This ring is right 
noetherian and semi-primary, hence right artinian. 
Consequently, the right Extz(M, M)-modules ExtX(M, N) are artinian 
for all simple modules N,. Choose m E N such that Ext’,(M, N) = 0 for all 
i>m and all N. Then the projective dimension of M is smaller than or 
equal to m. As R is QF, M is projective and thus periodic, a contradiction. 
Remark 1.2. Let KG be the group algebra of a finite group G with coef- 
ficients in a field K. Let M and X be finitely generated right KG-modules. 
Then the right Ext&(M, M)-module Ext&(M, X) is noetherian. 
We give a proof for completeness. For every right KG-module Y, the vec- 
tor space Hom,(M, Y) is a right KG-module by (fg)(m)= f(mg-‘)g 
(f E Hom,(M, Y), g E G, m E M). This multiplication induces a G-product 
Hom,(M, Y) OK Hom,(M, M) + Hom,(M, Y); that means (fi f2)g = 
(f, g)(f2g) for all f, E Hom,(M, Y), f2c Hom,(M, M), g EG. Thus the 
vector space H*(G, Hom,(M, X)) = OiaO H’(G, Hom,(M, X)) is a right 
module over the ring H*(G, Hom,(M, M)) by cup product. 
Let 0: K-P Hom,(M, M) be the canonical ring homomorphism. Then 
the ring homomorphism H*(G, (T) induces a right H*(G, K)-module struc- 
ture on H*(G, Hom,(M, X)) which is given by cup product. By the 
theorem of Evens [7, Theorem 6.11, the module H*(G, Hom,(M, X)) is 
noetherian over the ring H*(G, K), hence it is noetherian over 
H*(G, Hom,(M, M)). 
Consider now the canonical group isomorphisms H*(G, Hom,(M, M)) 
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=Ext&(,(K, Hom,(M, M)) z Extl;,(M, M) and H*(G, Hom,(M, X)) = 
Ext&(K, Hom,(M, X)) z Ext&(M, X). The first one is a ring iso- 
morphism which carries the cup product to the Yoneda product, while the 
second one is semi-linear with respect to the module structures over these 
rings (see MacLane [ll, Chap. VIII]). Thus the right Ext&(M, M)- 
module Ext&(M, X) is noetherian. 
COROLLARY 1.3 (Alperin-Eisenbud). Let KG be the group algebra of a 
finite group G with coefficients in afield K. Then every bounded KG-module 
is periodic. 
2. PERIODIC MODULES HAVE NOETHERIAN EXTENSION MODULES 
The aim of this section is to give a reversal of Theorem 1.1. Recall that 
an Artin algebra R is an artinian ring with artinian center C such that R is 
a finitely generated C-module. If X and Y are finitely generated R-modules, 
then Hom,(X, Y) is a finitely generated C-module. In particular, the 
endomorphism rings of finitely generated R-modules are artinian. 
In the following, the sequence 
stands for a minimal projective resolution of M, and Ker di is denoted 
by K,. 
LEMMA 2.1. (1) Let M, be a finitely generated module over an artinian 
ring R. Assume for some ig N and n E N there exists a splitting 
monomorphism g: Ki- , + M”. Let pi (1 < i < n) be the projection of M” on 
the ith summand. Then, for every module XR, the following equation holds: 
ExtX(M X) = 1 2 ‘c’ Ext”,(M J7(pp, g) . . . (p, g). 
j > 0 p I,..., p, = I v = 0 
(2) Let, in addition, R be an Artin algebra over C, and let X, be 
finitely generated. Then there exists a finite subset ( fi ,..., fs> c 
ut:b Ext;(M, X) such that 
ExtX(MaX)= 1 f: 2 Cfv,(p,,d-Qp,d. 
jr0 p~,...,p,= 1 v= 1 
In particular, for X = M, the ring ExtX(M, M) is finitely generated as a 
C-algebra over the set { fi ,..., f,, pI g,..., pn g}. 
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Proof, (1) Let qi (1 < i 6 n) be the injections of M into M”, and let h be 
a left inverse of g. For an element J’E Extk,(M, X) (k 3 i), consider the 
diagram 
. 
\ cPPi-l 
Ki-l 
. . . -P; -M"-0 
One obtains the equations fd = fhsd = jhdg = C; = ,(fhdq,)( pp g), hence 
f E C; =, Extk,- i(M, X)( pp g). The assertion follows by induction over the 
degree of .fi 
(2) Let f,,..., f, be homogeneous elements which generate 
Cl=‘, ExtX(M, X) as a C-module, then the assertion follows from (1). 
COROLLARY 2.2. Let R be an Artin algebra over C with Rad2R = 0, and - - 
let i?= RjRad’R. Then the ring Ext$(R, R) is finitely generated as a C- 
algebra by elements of degree < 1. 
Proof: The semi-simple R-module K, can be embedded in 8” for some 
n, and Lemma 2.i(2) applies. 
Observe that, under the assumptions of Lemma 2.1(2) or Corollary 2.2, 
the ring ExtX(M, M) is in general not noetherian. For example, consider 
the ring R = K[xi] i= i ,_,_, J(x~x,)~,~= ,,,.,, n, where K is a field. In this case, R 
equals K, and Ext;?;(K, K) is the free graded K-algebra over a set (t, ,..., t,} 
(see, e.g., [9, p. 1151). This algebra is not noetherian for n > 1. 
Now we give conditions which force extension modules to be noetherian. 
Let P(M, M) (resp. I(M, M)) denote the ideal consisting of those elements 
in End(M,) which factorize over a projective (resp. injective) module. 
LEMMA 2.3. Let MR be periodic with period 1; that means there exists an 
R-isomorphism g: K, -+ M. Then 
(1) For every finitely generated module X,, the equality 
Ext’,(M, A’) = Hom,(M, X) g’ holds for all i > 0. 
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if R is an Artin algebra, and f P(M, M) = I(A4, M), then, moreover 
(2a) End(M,) g = g End(M,). 
(3a) For every finitely generated module X,, the right Ext,*(M, M)- 
module ExtR(M, X) is noetherian. 
(4a) Ext’,(M, M) = g’ End(M,) for all id 0. 
(5a) The ring Extg(M, M) is right and left noetherian. 
Zf R is a QF ring, then 
(2b) End(M,)g= g End(M,). 
(3b) Zf, for a module X,, the right End(M,)-module Hom,(M, X) is 
noetherian, then so is the right ExtX(M, M)-module ExtX(M, X). 
(4b) Ext’,(M, M) = g’ End(M,) for all i2 0, 
(5b) Zf the ring End(M,) is right (resp. left) noetherian, then so is the 
ring Ext;?;(M, M). 
Proof: (1) Follows from Lemma 2.1(l) with i = 1 and n = 1. (2a) The 
inclusion “ 3 ” follows from (1). To prove the opposite inclusion, identify g 
with the lower line of the diagram 
O-K&+P,*M-O 
1 1 I 
g:O- M- A &M-O. 
Its middle term A ( =pushout of g and I) is isomorphic to P,,. Consider 
now the C-homomorphism 
[ : End(M,)/P(M, M) 3f~ gf~ ExtX(M, M). 
Obviously, [ is well defined. We show that 5 is injective. If gf = 0, then 
from the diagram 
gf:O-+M-+B-M-0 
g:O-M-AAM- 
it follows that f factors over v, hence f = 0. Analogously, consider the well- 
defined C-homomorphism 
<: End(M,)/Z(M, M) 3fHfg E ExtX(M, M). 
As above, 5 is injective, and by (l), t is surjective. Hence, 5 is an 
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isomorphism of C-modules. By a length argument, [ is an isomorphism. 
Thus we have shown the inclusion “c” in (2a). (3a) By (1) and (2a) we 
have End(M,)g = g End(M,) and ExtX(M, X) = Hom,(M, X) g’ for i B 0. 
Then the assertion follows by application of a result of Nastrisescu and Van 
Oystaeyen on graded modules, see [ 15, Proposition 3.41. (4a) Follows 
from (1) and (2a) by induction. (5a) Follows from (1 ), (2a) and (4a) by 
application of [ 15, Proposition 3.41 on either side. (2b) As in (2a), one has 
only to show the inclusion ExtX(M, M) c g End(M,). For fe Extk(M, M) 
given, consider the diagram 
0-K,,-P,-M-O 
+ 
M. 
As R is QF, PO is injective. Let a be a lifting of g-tf, and let b be induced 
by a. By definition of the Yoneda product, it follows that 
f= gg-tf= gbEgEnd(M,), as was to be shown. (3b), (4b) and (5b) 
follow as above. 
COROLLARY 2.4. Let R be a QF Artin algebra, and let M, be periodic 
with period m. Then 
(1) For every finitely generated module X,, the right Extg(M, M)- 
module ExtX(M, X) is noetherian. 
(2) The ring Ext,*(M, M) is right and left noetherian. 
Proof Apply Lemma 2.3 to the module M = M@ K, @ . . . @ K,,, ~ 2 
which is periodic with period 1. Then the extension modules being derived 
from M’ turn out to be noetherian. The same is true for the direct sum- 
mand M of M’ (see the proof of Theorem 1.1). 
As another corollary, we obtain 
THEOREM 2.5. For a bounded module M, over a QF Artin algebra R, the 
following conditions are equivalent: 
(i) M is periodic, 
(ii) The ring Exti(M, M) is right noetherian, and the right 
Ext,*(M, M)-module Extz(M, N) is noetherian for every simple module N,. 
(iii) For every finitely generated module X,, the right Ext,*(M, M)- 
module Ext,*(M, X) is noetherian. 
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3. TACHIKAWA'S CONJECTURE AND NAKAYAMA'S CONJECTURE 
In this section, we apply the concepts of extension ring and extension 
modules to conjectures of Tachikawa and Nakayama. For a QF ring R, 
consider the following condition: 
Condition (*). For every finitely generated modules M, and X,, the 
right Extz(M, M)-module Extg(M, X) is noetherian. 
EXAMPLES 3.1. (1) Any group algebra of a finite group with coefficients 
in a field satisfies condition (*). 
(2) Let K be a field, and let R be the K-algebra with basis 1, x, y, xy 
and multiplication x2 = y2 = 0 and yx = pxy (0 #p E K). Then R satisfies 
(*) if and only if p is a root of unity. 
(3) Any QF Artin algebra of finite representation type (more 
generally: of ultimately closed type in the sense of Jans, see [ 10, p. 3413) 
satisfies condition (*). 
Example (1) was shown in Remark 1.2; (2) will be shown in 
Proposition 4.7. Proof of (3): We may assume M, to be indecomposable. 
By the lemma of Dickson, the kernels of a minimal projective resolution of 
M are indecomposable, hence Ki is isomorphic to Kj for some i # j, and Ki 
is periodic. Another application of Dickson’s lemma shows that M itself is 
periodic, and the assertion follows from Corollary 2.4. 
PROPOSITION 3.2. Let R be a QF ring satisfying condition (*), and let 
M, be a finitely generated module with the property Exti(M, M) = 0 for all 
i > i, (i, E N ). Then M, is projective. 
ProojI As R satisfies (*), the ring Extz(M, M) is right noetherian. By 
assumption, this ring is semi-primary, hence it is artinian. Then the right 
ExtX(M, M)-modules ExtX(M, N) are artinian for all simple modules N,. 
Thus M, is projective (see the proof of Theorem 1.1). 
Proposition 3.2 is a partial answer to a strong version of Tachikawa’s 
conjecture [ 18, p. 1163. Note that we do not assume Exti(M, M) = 0 for 
all i >, 1, but only for all i 2 i, for some i,, E N. Proposition 3.2 covers the 
results given by Tachikawa in [18, Sect. 81. In Proposition 4.5(2), we give 
an example of a finitely generated nonprojective module M, over a 
Frobenius algebra R such that Ext’,(M, M) = 0 for all i 2 2. This example 
shows that the strong version of Tachikawa’s conjecture does not hold for 
all QF algebras. 
In [lS, Theorem 8.61, Tachikawa proved that for a p-group G the 
assumption Exti,(M, M) = 0 implies projectivity of M. This is obviously 
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not true for arbitrary finite groups. (Consider, for example, the simple 
modules of the group algebra KS3, where S3 is the symmetric group over 
three elements and char(K) = 3.) 
Problem 3.3. Let G be a finite group. Give a bound m (only depending 
on G), such that Extk(M, M) = 0 for 1 6 id m implies M projective for all 
finitely generated KG-modules M. 
We now turn to Nakayama’s conjecture. A finite-dimensional algebra A 
over a field is said to have dominant dimension n (domdim A = n) if there 
exists a resolution 
O+A,--+I,+ .” +I, 
of the module AA by injective projective right A-modules, but there exists 
no shorter resolution of this type. In case AA has an infinite resolution by 
injective projective modules, one defines domdim A = co. Miiller showed 
that the definition of dominant dimension is left-right symmetric [ 12, 
Sect. 41. The conjecture of Nakayama states that domdim A = co implies A 
is QF [14, p. 3001. 
A module AU is called a minimal faithful module if AU is faithful and if 
every faithful left A-module contains a direct summand isomorphic to AU. 
In this case, A U is unique up to isomorphism. If such a module exists, A is 
called a QF-3 algebra (see [18] for an extensive representation of the 
theory of QF-3 algebras). Tachikawa showed that an algebra A with 
domdim A > 1 possesses a minimal faithful module AU [ 17, Theorem 21. 
PROPOSITION 3.4. Let A be a finite-dimensional algebra over a field with 
domdim A = co. If the ring R = End( AU) is a QF ring satisfying condition 
(*), then A is a QF algebra. 
ProoJ By results of Miiller [12], the module U, is a generator- 
cogenerator, the ring A is isomorphic to End(U,), and the assumption 
domdim A = co implies Exti( U, U) = 0 for all i B 1. By Proposition 3.2, UR 
is projective. Thus U, is a finitely generated projective generator, and A is 
Morita-equivalent to R. Hence, A is QF. 
In particular, Proposition 3.4 states that Nakayama’s conjecture holds 
for algebras A such that End( AU) is isomorphic to a group algebra. This 
result generalizes [ 18, Corollary 8.71. 
The concept of dominant dimension was extended from algebras to 
larger classes of rings by Miiller [13] and Tachikawa [ 181. Using this 
theory, the following result can be proved in analogy to 3.4. 
PROPOSITION 3.5. Let A be a semi-primary ring with domdim AA > 0 and 
domdim, A = co. If the endomorphism ring of the minimal faithful left 
A-module is a QF ring satisfying (*), then A is QF. 
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4. AN EXAMPLE 
Let K be any field, and let p be a nonzero element of K. Let R be the K- 
algebra with basis 1, x, y, xy and multiplication x2 = y2 =O, yx= pxy. 
Note that in the special case p = 1 and char(K) = 2, R is the group algebra 
of Klein’s 4-group with coefficients in K. In this section, we look at the 
properties of boundedness and periodicity and at the extension rings of R- 
modules in dependence of p. The term “module” will always mean “finitely 
generated left module.” Recall that R is a local Frobenius algebra with 
Rad R = Kx + Ky + Kxy, Rad2 R = Sot R = Kxy and Rad3 R = 0. 
Let an indecomposable R-module A4 be given. If M is faithful, then there 
exists rnE M such that xym #O, and the map Rsrt--+rm~ M is a 
monomorphism. As RR is injective, M is isomorphic to RR. If M is not 
faithful, then the equality xyA4 = 0 holds, and A4 is a module over the ring 
R = R/xyR which is independent of p. The modules over a are completely 
classified. The following description of the R-modules is mainly due to 
BaSev [2], Conlon [4, 51 and Heller and Reiner [S]. 
(I) Indecomposable R-modules with odd vector space dimension 
over K. 
The only R-module with dimension 1 is K. The other R-modules with 
odd dimension can be obtained as follows. Let 
be a minimal projective resolution of K over the ring K[x, y]/(x2, y’). By 
Dickson’s lemma, Ker d, ~ 1 is indecomposable for all n z 1. From 
P no 1 = R” and dim,R = 4 it follows that the dimension of Ker d,- 1 is 
2n + 1 for all n 3 1. Ker d, ~, possesses a basis { ui ,..., U, + i, v, ,..., v,} such 
that xuj+,=yui=vi, x~,=yu~+,=O and x~,~=yu~=O for l<j<n. 
Analogously, let 
be a minimal injective resolution of K over K[x, y]/(x2, y’). Then 
Kok drip, is an indecomposable R-module with dimension 2n + 1 for all 
n > 1. Kok d:, _ i possesses a basis { w , ,..., w,, s1 ,..., s, + i } such that xwj = 
~wj+,=~j+,forall16j~n-1andyw,=s,,xw,=s,+,andx~j=y~,=O 
for all 1 d j d n. Ker d,- I and Kok &“- i are nonisomorphic, and they are 
the only indecomposable R-modules with dimension 2n + 1. 
(II) Indecomposable R-modules with even vector space dimension 
over K. 
Let M be a vector space with dimension 2n over K (n 3 1). In order to 
define an R-module structure on M, one has to define a multiplication by x 
481/101/2-12 
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and y on A4 which can be described by 2n x 2n-matrices over K with 
respect o a fixed basis {U ,,..., u,, u, ,..., v,,} of M. 
Let P=a,+a, T+ . .. + a,,-- i 7”+ ’ + T”’ be irreducible in the 
polynomial ring K[ T], and let P be the n x n-matrix 
I 
\ 
0 0 1 
% 0 1 0 
-a, . . . . . -a,, 1 
0 0 1 
\ 
0 01 
\ 
0 
j-a,. . . . . -am-j 
0 
\ 
( i Jordan matrices) 
i 
Consider now the i?-module structure on A4 induced by the 2n x 2n- 
matrices 
(E, = unity). We denote the R-modules obtained in this way by M(n, P). 
Consider another R-module structure on M induced by 
where D, is the n x n-matrix 
0 1 ... 0 
i! 9 \ \ i . 0 . . . 0 
We denote the R-module obtained in this way by M(n, co). 
It can be shown that the R-modules as just described are all indecom- 
posable R-modules with dimension 2n. Obviously, M(n, co) is not 
isomorphic to any M(n, P). Moreover, M(n, P) is isomorphic to M(n, Q) 
iff the matrix P is K-similar to the matrix 0 iff P = Q. 
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PROPOSITION 4.1. Let K be a field, and let p be a nonzero element of K. 
Let R be the.K-algebra with basis 1, x, y, xy and multiplication x2 = y2 = 0, 
yx = pxy. Then the following statements hold. 
(1) Any R-module M with odd vector space dimension is not bounded. 
(2) For every nE N, the modules M(n, T) and M(n, 00) are periodic 
with period 1. 
(3) For every n E N andfor every module M(n, P) with P # T, M(n, P) 
is bounded, and the following are equivalent: 
(i) M(n, P) is periodic, 
(ii) p is a root of unity. 
If(i) holds, the period of M(n, P) divides the two-fold order of p. 
(4) The following are equivalent: 
(i) Every bounded R-module is periodic, 
(ii) p is a root of unity. 
Proof (1) By (I), there is a left truncation of the sequence 
... -P,AP, 1 c xy 4 b IO' I,--+... 
which is a minimal projective resolution of M. Hence, M is not bounded. 
(2) We only consider the module M(n, co). The mapping 
v: R” + M(n, co), v(e,) = ui, is a projective cover of M(n, co). (The symbol 
ej stands for the element (0 *** 1 . ..O) E R”, with 1 in the ith component.) 
Denote the elements xei (resp. ye,) by xi (resp. y,). Then it follows that 
v(x~)=xu~=v~+, (1 <i<n- l), v(x,)=O, v(y;)= yui=uj (1 <i<n). The 
dimension of Ker v is 2n, and the 2n elements u; = xi - y,, 
u;=(-l/p)(x,-y,)~~~u:,-,=(-l/p)“-2(x,~,-y,), u:,=(-l/p)“-ix,, 
4 = PXlYlT 4 = P( - llphy,,..., vk = p( - l/p)“- ‘x, y, form a basis of 
Ker v. Observe that x and y operate on u: and vl in the same way as they 
operate on ui and vi. Thus the mapping M(n, co) + Ker v, defined by 
u, H U; and vi H vi, is an R-isomorphism, and the assertion follows. 
(3) Analogously to case (2), one has to look at a projective cover v 
of M(n, P), where P=a,+a,T+ ... +a,,-,T”-‘+T”. Define v:R”d 
M(n, P) by v(e,) = ui. Then the set {u’, ..., u:, vi ,..., I&} is a basis of Ker v, 
where u;=yi-x2, u;=(-p)(y2-~3),...,~~~1=(-p)m-2(y,,-l-~m), 
u:, = (--p)“-‘(y, + aOxl + ... + ampIx, - xm+I), ’ urn+1 = 
(-P)m(Ym+l -Xm+*L ~;=xIYl, 4=(-PhY2, 4=(-p)=w3,.... 
By a simple computation, it turns out that Ker v is the module 
M(n, P(l)), where P”‘=a,(-p)“+a,(-p)“-‘T+ ... +amel(-p) 
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7”+ ’ + T”. Consequently, the (i - 1)th kernel of a minimal projective 
resolution of M(n, P) is the module M(n, P’“), where Pci) = ao( -p)” + 
al(-p)““-” + . . + a n1 ,( - P)~T~ ’ + T”‘. The assertion follows from 
the remarks given in (II). 
(4) Follows immediately from (1 ), (2) and (3). 
PROPOSITION 4.2. Let R be defined as in Proposition 4.1. Then 
Tachikawa’s conjecture holds for R, that means any R-module M with the 
property Exti(M, M) = 0 for all i > 1 is projective. 
Proof: It suffices to look at indecomposable modules. For modules with 
odd dimension, the assertion follows from their description given in (I). 
For M(n, T) and M(n, co), the assertion follows from the periodicity of 
these modules (see Proposition 4.1(2)). The only nontrivial case is the 
module M(n, P), where P # T. We will show Extk(M, M) # 0. Consider the 
diagram 
KervAR”AM-0 
In this diagram, v stands for the mapping ei++ ui which is a projective 
cover, and I stands for the inclusion map. With respect to the basis 
uk} of Ker v (defined as in the proof of Proposition 4.1), the 
i,..., U; can be described in the form 
4 
1 ; = 
(Ii 
1 0 
-P 
. . 
U:, 0 (-PI”-’ 
The K-homomorphism 
is not injective, hence it is not surjective. Choose a matrix (I,) not being 
contained in the image of this mapping. By use of (1,), we now define an R- 
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homomorphism $: Ker v + A4 which cannot be lifted over 1. Then II/ will 
represent a nonzero element of ExtX(M, M). Let $ be defined by 
$(I)=(/llis) and $[z)-O 
and assume that there exists an R-homomorphism tj’: R” + A4 such that 
$‘i = 1(/. Note that II/’ can be written in the form 
@(j;) =kJ( ?) +K$;) 
with suitable (k,), (k$) E K” xn. By R-linearity of I+V and by the equalities 
xvi= yu,=O it follows that 
= . . I . 0 
It turns out that (Zii) is contained in the image of the map 
1 ! . 0 . . 0 t-P)“-’ 
a contradiction. 
We now list the extension rings for the R-modules K, Rx and R(x + ay) 
(0 # c1 E K). The proofs of the Propositions 4.3, 4.4 and 4.5 are easy exer- 
cises. 
PROPOSITION 4.3. Let R be defined as in Proposition 4.1. Then the exten- 
sion ring Ext X(K, K) is the free graded K-algebra over elements t1 and tz 
(deg tl = deg t, = 1) module the relation tl t2 + pt2 t, = 0. 
PROPOSITION 4.4. Let R be defined as in Proposition 4.1. Then the exten- 
sion ring Exti(Rx, Rx) is the free graded K-algebra over elements and t 
(deg s = 0, deg t = 1) modulo the relations s2 = 0, st - pts = 0. 
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PROPOSITION 4.5. Let R be defined as in Proposition 4.1, and let 
A4 = R(x + cly) for some 0 # CI E K. Then the following statements hold. 
(1) Let p be a root of unity, and let 0 c r E N be minimal with respect 
to (-p)‘= 1. In case r = 1 the extension ring Extg(M, M) is the free graded 
K-algebra over elements s and t (deg s = 0, deg t = 1) modulo the relations 
s2 = 0, st + ts = 0. In case r > 1 the extension ring Extg(M, M) is the free 
graded K-algebra over elements s, u and t (deg s = 0, deg u = 1, deg t = r) 
module the relations s2 = u2 = su = us = st = ts = ut - ( - 1 )rtu = 0. 
(2) Let p be not a root of unity. Then the extension ring Extz(A4, M) 
is the free graded K-algebra over elements s and u (deg s = 0, deg u = 1) 
module the relations s2 = u2 = su = us = 0, that means Extl?;(M, M) = 
ExtO,(M, M)@Ext!JM, M)=(K@Ks)@Ku. 
Recall that P(X, Y) denotes the subgroup of Hom,(X, Y) containing 
those elements which can be factorized over a projective module. The 
corresponding factor group is denoted by &,(X, Y). The following well- 
known statement will be used in the proof of Proposition 4.7. 
Remark 4.6. Let P, ,..., P,, Pb ,..., PL be projective modules over a QF 
ring R. Consider the diagram 
O-B-P,- . ..-P.-P,- A-O 
h’ I I h 1”’ )a I” 
0-B’-P:,-...-P;-Pb-A’-0 
of R-modules, where h’ is a lifting of h. Then the map 
Hom,(A, A’) 3 h H h’ E w,( B, B’) 
is an isomorphism of groups. 
PROPOSITION 4.7. Let R be defined as in Proposition 4.1. Then R satisfies 
condition (*) if and only zf p is a root of unity. 
Proof If p is not a root of unity, then by Proposition 4.1(3) there exists 
a bounded module which is not periodic. Hence, by Theorem 1.1, R does 
not satisfy (*). 
From now on let p be a root of unity. We have to show that the right 
ExtX(M, M)-module Exti(M, X) is noetherian for every R-modules M and 
X. We may assume M and X to be indecomposable. If the vector space 
dimension of M is even, then M is periodic by Proposition 4.1, and the 
assertion follows from Theorem 2.5. If the dimension of M is odd, we con- 
sider two cases. 
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Case 1. The dimension of X is odd. Then M is isomorphic to a kernel 
(kokernel) in a minimal projective (injective) resolution of K, and the same 
is true for X. The following diagram yields that the operation of the ring 
Extz(M,M) on a truncation Oiai, Ext’,(M,X) of Extz(M,X) coincides 
with the operation of the ring ExtX(K, K) on a truncation Oiai, ExtL(K, K) 
of Ext;(K, K). 
Pe... -P -... Ph-P 
A/ 
h-l"' 0 
p To"'*\ 
K I_-, K M 
PW... -p- 
‘1-L 
I 
I f0 
K 
r\ 
PO---k o . ..-I 
+ 
I 0 f f0 
M 
f 
I 
0 
P--P...P()--I -... 0 
In this diagram, the lines are minimal projective resolutions, and the ver- 
tical arrows are liftings of homogeneous elements fe Extz(M, M) and 
g E Extz(M, X) (note Remark 4.6). Hence, in order to show that the exten- 
sion module ExtR(M, X) is noetherian, one has only to show that the ring 
Extg(K, K) is noetherian. This follows from Proposition 4.3. 
Case 2. The dimension of X is even. As X is periodic by 
Proposition 4.1(3), it is a direct summand of a periodic module Y with 
period 1. It suffices to show that the right Extz(M, M)-module Exti(M, Y) 
is noetherian. We may assume M= K (see Case 1). Let y denote the 
inclusion of Sot Y in Y. Then the map Extz(K, y) is that Exti(K, K)- 
homomorphism which maps an element f~ Hom,(Ker dip 1, Sot Y) = 
Exta(K, Sot Y) to the residue class ?lf+P(Pipl, Y)~m,(Kerd~-r, Y) 
= Exti(K, Y). The following lemma shows that the map Extg(K, y) is sur- 
jective. 
LEMMA. Let K-, = K, K,,, K, ,... be the kernels of a minimal projective 
resolution of K. Then there are elements fi, f2,... E Hom,(K,- ,, Y) such that 
Imfi, Imfi,... are contained in Sot Y, and such that f, , f2,... form a basis of 
Extk(K, Y)=m,(K,-,, Y). 
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Proof: Induction over i. The case i = 0 is trivial. For the induction step, 
consider the diagram 
O- K, ---b Pi &Ki-,-O 
h p p 
o-Y&P-+ I( Y -0. 
Let f; and g, be liftings of fk. From Im fk c Sot Y it follows that 
Tm fk d, = Im pf; c Sot Y. Assume Sot P, is not contained in Ker f;. Then 
Im f; contains a submodule isomorphic to RR, and its generating element 
is mapped under /I in Sot Y. Then Ker j3 = Y contains a submodule 
isomorphic to Rad R. This impossible by (II), because one of the ring 
elements x, y induces an isomorphism Y/Rad Y + Sot Y. Thus we have 
shown Sot Pi c Ker f;, hence Sot K, c Ker f;z = Ker erg, = Ker g,, and 
consequently Im g, c Sot Y. By Remark 4.6, the homomorphisms g,, g,,... 
form a basis of m,(K,, Y) = Exti+ ‘(K, Y), and the assertion of the 
lemma follows. 
Let s be the length of Sot Y. Then the right Extz(K, K)-module 
Extz(K, Sot Y) E Ext,*(K, K),’ is noetherian. As an epimorphic image, the 
module Extg(K, Y) is noetherian, too. 
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